Abstract. The eccentric connectivity index of a graph G, denoted by
Introduction
Let G be a finite, connected and undirected graph without loops and multiple edges. We denote the vertex set of G by V (G). The distance between two vertices u and v of G, denoted by d (u, v) , is the least length of a u, v−path in G. The eccentricity of a vertex v in a graph G, denoted by (v) , is the distance of a vertex farthest from v in G. The degree of a vertex v in a graph G, denoted by ( . v) , is the number of edges incident to it.
A topological index is a numerical graph invariants used for Quantitative Structure-Activity Relationship (QSAR) and Quantitative Structure-Property Relationship (QSPR) studies. The Wiener index, introduced in 1947 by Herold Wiener [9] , is the first non-trivial topological index in Chemistry. Then after many topological indices have been defined such as Zagreb index, PI-index etc. and successfully used to study the chemical, pharmaceutical and other properties of molecules. More recently, a new adjacent-cum-distance based topological index, the eccentric connectivity index (or ECI for short) denoted by ξ c (G) has been introduced by Sharma, Goswami and Madan [7] which is defined as
The eccentric connectivity index has been employed successfully for the development of numerous mathematical models for the prediction of biological activities of diverse nature. [1, 2, 5, 6, 7, 10] . The common trend of research for the topological indices and its variants is to determine the extremal graphs for the given topological index or its variant. Also the trend is to determine the extremal trees for the given topological index or its variant. For most of introduced topological indices or its variants, the extremal graphs or trees are determined except Wiener index; the origin of all topological indices and its variants. The same approach is considered by Morgan et al. for the eccentric connectivity index of graphs in [3] and [4] .
In [3] , Morgan et al. noted the eccentric connectivity index of some basic graph families and determined the eccentric connectivity index of other three classes of graphs namely broom graph B n,d (a graph which consists a path P d , together with (n − d) end vertices all adjacent to the same end vertex of P d ), lollipop graph L n,d (a graph obtained from a complete graph K n−d and a path P d , by joining one of the end vertices of P d to all the vertices of K n−d ) and volcano graph V n,d (a graph obtained from a path P d+1 and a set S of n − d − 1 vertices, by joining each vertex in S to a central vertex/vertices of P d+1 ). Note that for a fixed value of n, when d is even, the volcano graph V n,d is unique; whereas when d is odd, there may be several non-isomorphic volcano graphs V n,d . The readers are advised to see [3] and [4] for figures and details on these graph families. The eccentric connectivity index of path P d+1 and volcano graph V n,d is given as follows.
Proposition 2. Let n, d be non-negative integers. Then
In [3] , Morgan et al. gave a lower bound for the eccentric connectivity index of trees and proved that ξ c (T ) ≥ ξ c (V n,d ) for any tree T of order n ≥ 3 and diameter d. Later, in [4] , Morgan et al. extended this lower bound for the eccentric connectivity index to arbitrary connected graph of order n and diameter d ≥ 3 but we emphasize that the proof is lengthy and complicated. In this paper, we give a short proof of this result by considering the connectivity of vertices in graph which is a very simple approach. Moreover, this approach can also be extend to prove similar types of results for other topological indices.
Preliminaries
We follow [8] for graph theoretic definition and notation. A tree T is a connected graph that contains no cycle. A caterpillar is a tree in which all the vertices are within distance one from central path. The diameter of a graph G, denoted by diam(G) or simply d, is max{d(u, v) : u, v ∈ V (G)}. The degree of a vertex in a graph G, denoted by ( . v), is defined as the number of edges incident to it. Let
The center of a graph G, denoted by C(G), is the set of vertices with minimum eccentricity. Note that for any v ∈ V (G), (v) ≥ d/2 and (v) = d/2 if and only if v ∈ V (C(G)). We notice the following well known results about center of graphs. The following lemma characterize the vertices with minimum eccentricity in a graph G which is useful for our main result. Lemma 1. Let G be any graph and
path joining v 0 and v d or v is adjacent to both w and w , where
Proof. (a) Let G be any graph and
If possible then assume that v is not on any diametral path 
Main Result
In this section, we continue to use the terminology and notation defined in previous section. First we prove the following Theorem. Theorem 1. Let G = (V, E) be a connected graph of order n, and diameter d ≥ 3 such that every spanning tree T of G is a caterpillar of diameter d. Then
Proof. Let G be a connected graph of order n and diameter d ≥ 3 such that every spanning tree T of G is a caterpillar of diameter d.
be a fixed diametral path of a graph G. It is clear that a caterpillar T contains P d+1 and it is the central path of T . Then define
P cc = {v ∈ P c : v is adjacent to C(P d+1 )}; P cc = {v ∈ P c : v is not adjacent to C(P d+1 )}; P c c = {v ∈ P c : v is adjacent to C(P d+1 )}; P c c = {v ∈ P c : v is not adjacent to C(P d+1 )}. Let |P c | = n 1 and |P c | = n 2 , where 0 ≤ n 1 , n 2 ≤ n − d − 1; |P cc | = n 11 and |P cc | = n 12 , where 0 ≤ n 11 , n 12 ≤ n 1 ; |P c c | = n 21 and |P c c | = n 22 , where 0 ≤ n 21 , n 22 ≤ n 2 . Note that n 1 + n 2 = n − d − 1, n 11 + n 12 = n 1 and n 21 + n 22 = n 2 . Moreover, V (G) = P ∪P = P c ∪P c ∪P c ∪P c = P c ∪P c ∪P cc ∪P cc ∪P c c ∪P c c .
We consider the following two cases.
Case 2: d is odd.
Theorem 2. Let G be a connected graph of order n and diameter d ≥ 2. Then
Proof. Let G 0 ⊆ G 1 ⊆ . . . ⊆ G k = G be a sequence of subgraphs such that G 0 is a connected subgraph of G which contain a diametral path P d+1 and every spanning tree of G 0 is a caterpillar of diameter d, and
then it contribute one degree for some vertex of G 0 and hence v contribute at least ( d/2 ) (1) 
Continuing in this way, finally we obtain
Note that equality holds if at each step of above procedure equality holds and hence we obtain that volcano graph V n,d attain a lower bound which completes the proof. Corollary 1. Let T be a tree of order n and diameter d ≥ 3. Then
Example 1. The readers are advised to refer the following example for the procedure used in Theorem 1 and 2 to give a lower bound for the eccentric connectivity index of graphs.
In Fig. 1 , the graph G of order 19 and diameter 7 is shown in which
is a fixed diametral path and the vertices with circle are vertices with minimum eccentricity. In Fig. 2 , a sequence of subgraphs G 0 ⊂ G 1 ⊂ G 2 ⊂ G 3 = G of G with ordered pair whose first coordinate denote vertex degree and second coordinate denote eccentricity of that vertex in G i , 0 ≤ i ≤ 3 is shown. It is clear that G 0 is a graph whose each spanning tree is a caterpillar of diameter 7 and 
Concluding remarks
The determination of extremal graphs for topological indices is remain interest of many researchers due to its various application in chemical, pharmaceutical and
other properties of molecules. Various approaches are followed by researchers to determine the extremal graphs for the topological indices and its variants.
In this work, we considered the adjacency relation of vertices to determine a lower bound for the eccentric connectivity index of graphs. This approach can also be useful to determine extremal graphs for other topological indices and its variants.
